Cviceni ¢. 15 z KMA-MMAN?

5. a 9. brezna 2009

Newtonuv vzorec

Véta 0.1 (Newtoniv vzorec). Necht funkce f je integrovatelna na {(a,b) a md tu
(zobecnénou) primitivni funkci F'. Pak plati

| #@)de = [F@))l_, = Fo) - Pla)

1 Integrace goniometrickych funkci

Piehled substituci pro / R(cosz,sinx)dr, kde R je racionalni funkce

dvou proménnych:
(1) sinx = t, pokud R(— cosx,sinz) = —R(cosz,sinx),
(2) cosz =t, pokud R(cosz,—sinz) = —R(cosz,sinz),

(3) tgx =t, pokud R(—cosz, —sinz) = R(cosz,sinx),

2dt 2t
(4) tgg = t (univerzalni substituce). z = 2arctgt, dz = T sinx = FE
1—¢ . 2t
cosT =——, tgx = :
T Iy T T I

Pievedte na integral z racionalni funkce:

dx

sinz + cosx

Uloha 1.1. I :/

—toZ
t=1g3
24t
= 2dt
N dr = 7 e 2dt
Reseni. I = = > = E—— n
nre = 2t 2t +1—t 2t+1—t2
SINT = 13 1+22 T 1442
_ 1-¢?
| cosz =175 |




w/2
Uloha 1.2. I :/ sin® x cos z dzr.
0

S sinx =t Y A VR B Y I SRR
Reseni. I = [cosxda:: dt} —/t dt = {415] = [sm x]mzo_

1 1
=2(1-0)= =, ]
4( ) 4

0
Uloha 1.3. [ = / cos® 2z sin 2z dz.

—7/4
o <?082$:t 1 . 1,
Reseni. I = | —2sin2xdx = dt | = —3 t>dt = 1z [t ] =
sin 2z dz = —%dt
1 1 1
= 1 [cos® 237]2:4/4 = —E(COS6O —cos®(—7/2)) = _E(l —-0) = T O

.3
sin® x
dx takto: Ctyrmi riznymi substitucemi

w/4
Uloha 1.4. Vypoctéte I = /

o  COSXx
.3
sin® x
dx na integral z raciondlni funkce,

prevedte prislusny neurcity integrdl /
cos T
z téchto ctyr vysledku vyberte ten nejjednodussi a priklad dopocitejte jen timto

jednim zpusobem.
Resend.
.. 3 . 3
. sin” x t=sinz SIn” & Cos T
t=snx: dz = — dr —
COS T dt = cosz dz COST COST

. 3 .3 3

sin” x sin” x t
—/ cosxdx—/—'Qcosxdx—/ dt

cos? x 1 —sin“z 1 —¢2

. 3 t =cosx . 9
sin® x . sin“x .
t=cosz: de=| dt = —sinzdx | = sinxzdz =
. CoS T
—dt =sinxdz




3 3
sin” x t=t sSin” x cos T
t=tgux: dr = gdﬁ = | ——dx =
cos T dt = cos? x

cos?
S ool g dz
3
= | &= t—dr= tg’ x cos’ x 5 =
COS“ COS“
1 7sin2x+cos2zit 2$_|_1
cos?x cos? =g
1
_ 2. _ _ 1 _ _1 3
= COS™ T = oy = &g —/t SERBE dt
4 _ 1
cos' T = e
_ B - -
t=1g35
__2dt 3
. 2t
sin® @ dr = 7 (5 +t2) 2dt
t=tg— dz = ot v 1o
COST sSiInxr = e e +
_ 1-¢2
| cosT = 17 |

163
:/(1+t2)3(1—t2) dt

Dopocitame nejjednodussi tvar (v rdmecku):

1 £2 2
/(t_;) dt:§_1n1t|+0:(joz x—ln]cos:c\—l—C.

Urcity integral:

_ <T22>2—1n|£ - (1—1n|1|) “lim - (1—0) _

4 V2 2
1 1 1 1 1 1 In2
= ——In]2i|—--=>—-2—(=2)ln2=—- e
4 2 4 2 2 4 2



Integrace souc¢inu goniometrickych funkci

sin nx sin mx

sin nx cos mx

COS N COSMIT
2

sin” x

COS2 T

_cos(n — m)x — cos(n + m)x} :

N

sin(n — m)z + sin(n + m)x] ,

N | —

—|cos(n —m)x + cos(n + m)x] ,
1 —cos2x

2 )
1+ cos2x

5 .

Uloha 1.5. Vypoctéte I = /sin 3rsindx dx.

Reseni. Integrand upravime pomoci vzorce v ramecku:

I = /%[COS(?) —4)x — cos(3 + 4)x] dz = %/[COS(—ZL‘) — cos 74 dz

_ % ( / cos(z) da — / cos 7z dx) - % (sin(as) - Sm;x) +C.



2 Goniometrické a hyperbolické substituce
Prehled substituci:

(1) /R <x, Vva? — [L‘2> dz, substituce x = asint (nebo x = atht),

(2) /R (:c, Va2 + x2> dz, substituce x = atgt (nebo z = asht),

(3) /R <x, x? — a2> dz, substituce z = (nebo z = acht).

cost

1
Uloha 2.1. Vypoctéte I = / V1 —x2de.
0

Re$end. Z¥ejmé jde o piipad (1), kde a = 1. PouZijeme substituci z = 1sint.

i T =sint ]
dx = costdt
I:/xmdx: 1—22=1—sin?t =cos’t | =
r=0=t=0
i r=1=t=mn/2 |

z = cost
w/2 w/2
:/ sint\/cosztcostdt:/ cos’tsintdt = | dz = —sintdt | =
0 0
—dz =sintdt
? ? w/2
1 1 1 1
2 3 3
=— [ zZdz= -2z = |—zcos’t =0+-==.
/? |: 3 :| z="? |: 3 1 =0 3 3
Pti prechodu od = k t jsme meze transformovali, ve druhém ptipadé ne, stacilo,
ze jsme se nakonec vratili k proménné t. [l
" dz
Uloha 2.2. Vypoctéte I = .
V(@2 + 4z +7)3

Reseni. Nejprve je potfeba ptevést integrand na potfebny tvar (pomoci doplnéni
na ¢tverec a substituce:
z=x+42

B dz B dx B
]_/\/(x2+4x+7)3 _/\/[($+2)2+3]3_ [ dz = dx




subst. & (2), kde a = v/3 |
z = \/gtgt

dz = dt

0082 t

22 +3=3tg’t+3=

= 3(tg?t + 1) = 3—L-

L cos2 t

V3 V3
— / cos?t . dt = / cos21t
300;2t (\/gcost)
1 [ cos®t
3 / cos?t

1 T+ 2
= —sin | arctg —— | + C.
3 ( © \/§)

Uloha 2.3. Vypoctéte [ :/—

Reseni. I =

/\/xQ—l
T dr=

/\/ o7 —1

cos t

cost

3

1 1 1
g/costdt: gsint—i—C: gsin (arctg%) +C

x?—1
= dz.
subst. ¢. (3), kde a =1
xr = 1 =

de = St dt = tg ¢t

=

dt

cos?t cost

cost

cos2 ¢ cost

sin?t sint )
= costtgtdt = | ——costtgtdt = [ sinttgtdt =
cos?t cost

2 1—cos?t
Vet 7 tgtdt /V O totdt —



2.1 Uziti Eulerovych vzorcu pro vypocet nékterych inte-
grala

1, . , 1
cosx:—(em+e ”“"), sma::—,(e”—e ””).
2 24
it .. —ix ..
e =cosx+isinz, e “ =cosxr—isinz.

Uloha 2.4. Vypoctéte I = /ezx coszrdz.

1 T —ix
cosxzi(e +e )} :/ (
(/ e2;v+z:c dlL‘—f—/ 2x—ix dIL‘) _ 5 (/ (2+i)x dI+/ (2—i)z dZL‘) _

(2+1) Ty 1 : e(2—i):c) + (O =
2 —1

Resend.

I = _”)xdx:

[\3|,_.

1

N NN~ N~ N

(2+7,
_ ( 5Z o2+ ? @ z)z)+0_
_ %0 ((2—i) 27 4 (9 1 §) e(2—i)x)+cv:
= lioe?x (2—i)e"+(2+i)e ™) +C =
= %0625”((2—i)(cosx+isinx)+(2+i)(cosx—isina:))+C:
= %OGZx(Qcosx—i—sinx—icosx+2isinx—|—
+2cosx+sinx+icosa7—2isinx>+C:
= lioe?x(4cosm+2sinx+i(—cosx+2sinx+cosx—2sinx))+O:

1
= geh (2cosz +sinx) + C.



