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1 Neurdity integral — pokracovani integrac¢nich

metod

1.1 Integrace nékterych iracionalnich funkci

%
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1.2 Eulerovy substituce

Pouzivaji se pro vypocet integrali typu / R (ac, Vax? + br + c) dz, kde R

je racionalni funkce dvou proménnych. Ucelem substituce je prevést integrovani
iracionalni funkce na integrovani funkce racionéalni. Eulerovy substituce jsou tfi:

(1) vaxz?+ bz + ¢ = +/ax +t [pro a > 0]; hlavni myslenka: po umocnéni se na
obou stranich rovnosti rusi ¢leny az?.

(2) Vax?+ bz + ¢ = xt + /c [pro ¢ > 0]; hlavni myslenka: po umocnéni se na

obou stranach rovnosti rusi ¢leny ¢ a rovnost lze délit x.

(3) vVax?+bx+c = t(xr — A) [kde A je redlny kofen|; hlavni myslenka: po

umocnéni 1ze rovnost délit kofenovym ¢initelem (x — \).

Po nalezeni integralu z piislusné racionélni funkce se vracime k ptivodni pro-
ménné, tj. dosadime

e pii 1. substituci ¢t = vax? + bx + ¢ — /axz,
Vax? +bx +c—/c

e pii 2. substituci to je t = )
x




vVar? +bxr +c

e a pii 3. dosadime t =
r— A

Uloha 1.3. Ovérte, Ze pri vipoctu /x\/ 422 4+ 5x + 1dx lze pouzit vSechny tri
substituce. Ve vSech pFipadech prevedte integral na integrdl z funkce raciondlni.

Reseni. a =4 >0, c =1 > 0, a uvedeny trojclen ma realné kofeny, takze jsou
splnény predpoklady pro vSechny tfi Eulerovy substituce:

1.ES: Pri pouziti 1. substituce mame v/4x? + 5x + 1 = 2x + ¢, a tedy

42 + 5+ 1 = 42® + 4ot + 2,
5z 4+ 1 dat + 2,
Sr—dxt = t2—1,
w(b—4t) = t* -1,

2 —1
T = |—/——
5—4t|’

26(5 — 4t) — (2 — 1)(—4)

dr = di
’ (5 — 4t)? ’
10t — 8t + 4t? — 4
dr = dt
‘ (5 — 41)2 ’
10t — 412 — 4

(] = |V Ay
(5 — 4t)?

Vdr? +5x+1 = 2x+1t,
2 —1
Var? +5r+1 = 2 +t,

5 — 4t
2t — 2 + bt — 412
Vaxr2 +5r+1 =
xre + ox + 541 ,
—2t2 + 5t —2
Vaxr2 +5r+1] = | ——— =,
xre + ox + 5_ 41

Vratime se k integralu a dosadime:

t2—1 —2t2+5t—2 10t — 41> — 4
Viz2 15 1d:/ : : dt ==
/x vt = e T s (5 — 41)2
L, 17, 243 1 405 1 81 1

96 256 2048 (541 2048 (—5 1 4)° | 2048 (—b+47)

45
—— In(-5+4t)+C = [za t dosadime v4x? + 5z +1—2z| =

512

1 317 17
— — (Va2 1—2) =L Vaz T4 — g
96< ¢+ 5x + T 556 ¢+ o5r+ —1—12895
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243 1
2048 (51 4vAZ 1 5241 82)

405 1 N
2048 (5 + 4422+ 5z +1—8z)
L 8l 1 B
2048 (—5+4+v422+ 52 +1—8x)
_25 (—5+4\/42+—5+—8 )+C
512 n T T X .

2.ES: Pii pouziti 2. substituce mame 422 + 5x + 1 = at + 1, a tedy:
Vix? +5r+1 = xt+1,

4 £ 5041 = 222+ 20t 41,
4a* +5x = 2+ 2ut,
4o +5 = xt? 4 2t,

4y —at* = 2t -5,

2t — 5
o l4—2)
2(4 —12) — (2t — 5)(—2
o~ M=) -Ct-5) ()
(4 — 2)2
—22 4t — 2
dr| = | ——————dt
)
2t — 5
Vaxr2 +52+1 = 4_t2t+1
22 —t — 3

Vratime se k integralu a dosadime:

2t —5 22—t —t3 2244t —2
/x\/4x2+5x+1dw:/ . . * dt =

4—12 41 (4 —2)?
B / 11 3 123 1 2 1
a 64 (t—2)* 128 (t+—2)° 512 (t —2)* 256 (t —2)
79 1 1539 1 1809 1 27 1 ) B
64 (t+2)" 128 (t+2)° 512 (t+2)° 256 (t+2) -
11 3 1 23 1 27

=t = 4+ — In(t-2) -
192(t—2)3+256(t—2)2 512(t—2)+256 n(t-2)
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1809 \/4x2+5a:+1—1+2 271 \/4x2+5x+1—1+2 N

——1In

512 €T 256 T
C.

3.ES: Pri pouziti 3. substituce mame

Va2 + 52 +1=+/(z + )4z +1) = \/4(a:+1)(x+}1):t(a:+1),

a tedy

VEe+)@z+1) = t(x+1),
(z+1Ddz+1) = t*(x+1)%
(4 +1) = t*(x+1),

dr —zt? = 2 —1,

-1
_ m7

2t(4 —t2) — (12 — 1)(—2t
qp - AP @ -1(2)

(4—12)?
6t

d = | ———dt|.

T

Vratime se k integralu a dosadime:

2 2
/x\/4x2+5x+1dx:/u-t(u+l>-Ldt:

4 — 2 4 — 2 (4 —t2)?
t?—1 3t 6t (12 — 1)¢?

= . . dt:]. dt:
/4—t2 (4—t2> a- o) 8/(4—252)4
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18 306 6336 9216
= 1 Tl 99449 — Sy — 1536t + C =
13 11 + 7 Tty 5 +
VAax? 1
= [zatdosadime zErozt ] =
r+1
18 (VA2 +5r+1\ 306 (V4a2+5u+1 n
13 (x+1) 11 (r+1)
\/4x2+5x+1 6336 \/4x2+5x—|—1
+224 +

9216 [ vV4a22+5x+1 Var2 +5x+1
+ — 1536 + C.
5 ( (x+1) ) ( (x+1) )

2 Urdity integral
Newtonuv vzorec

Véta 2.1 (Newtoniv vzorec). Necht funkce f je integrovatelnd na {(a,b) a md tu
(zobecnénou) primitivni funkci F'. Pak plati

| #@)de = [F@))l_, = Fo) - Plo)

2.1 Integrace goniometrickych funkci

Prehled substituci pro / R(cosz,sinx)dx, kde R je racionalni funkce

dvou proménnych:
(1) sinz = t, pokud R(—cosz,sinz) = —R(cosz,sinz),
(2) cosz =t, pokud R(cosz,—sinz) = —R(cosz,sinz),

(3) tgx =t, pokud R(—cosz, —sinz) = R(cosz,sinx),

x 2dt 2t
4) tg = = t (univerzalni substituce). z = 2arctgt, dz = ——  sina = ———
(4) g5 (um\?/erzamsu stituce). arctgt, do = =g, sinw = 1——5
1—-t 2t
T A A e



Prevedte na integral z racionalni funkce:

dz

UIOha 2.2. [ = /—

SInx + cosx

t=tg3

_ 24t
o dv = 7% 2 2dt
Reseni. I = = e E—— n

sing = 2L A4 =t 2+ 1 —¢2
1442 1+t 1+t
| cosw = L’Lf; |

w/2
Uloha 2.3. I :/ sin® z cos z dz.
0

_ inr = 1 1 .
Reseni. I = [ s =1 } = /t3 dt = {—t4] = [sin’ x}xfo -

coszdx = dt 4 4
1 1
=—(1-0)=-. O]
4( ) 4
0
Uloha 2.4. I :/ cos® 2z sin 2z dz.
—7/4
cos2x =t 1 1
Reseni. I = | —2sin2zxdx = dt | = —§/t5dt— T [tﬁ] =
sin 2z dz = —%dt
1 1 1 1
=173 [cos® 2z] Z:—w/4 = —E(cosﬁO — cos®(—7/2)) = —E(l —-0) = TE O

/4 sin® o o . .
dx takto: Ctyrmi riznymi substitucemi

Uloha 2.5. Vypoctéte I = /

o  COSXT
2 . , y s , Singl’
prevedte prislusny neurcity integradl /
cos T

dx na integrdl z raciondlni funkce,

z téchto ctyr vysledku vyberte ten nejjednodussi a priklad dopocitejte jen timto
jednim zpusobem.

Resent.
.. 3 . =3
. sin” x t=sinx sSIn” x CoS &
t=snx: dz = = dr =
COS T dt = cosz dx COST COST

.3 .3 3
sin” x sin” x t
:/ Cosxdx:/—,Qcosxdx:/ dt
cos2 x 1 —sin“z 1—1¢2




. 3 t =cosx . 9
sin® x i sin“z .
t=coszx: de = | dt = —sinzdx | = sinzdz =
Ccos T )

—dt =sinxdz
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cosS t t

.3 .3
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t=tgx: / dr = gdi :/—dx:
cos dt = 7= cos?
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3
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1
_ 2o . 1 _ 1 _ 3
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) — 2dt 2t
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)
cosT = L;

163
= / Arepa—m Y

Dopocitame nejjednodussi tvar (v ramecku):

1 £2 2
/(t_f) dtza_ln|t|-|—(]:COS2 x—ln|cosx|+(7.




Urcity integral:
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